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Abstract 

In this paper we study a g-analogue of the convolution product on 
the line in detail. A convolution product on the braided line was de- 
fined algebraically by Kempf and Majid. We adapt their definition 
in order to give an analytic definition for the g-convolution and we 
study convergence extensively. Since the braided line is commutative 
as an algebra, all results can be viewed both as results in classical 
g-analysis and in braided algebra. We define various classes of func- 
tions on which the convolution is well-defined and we show that they 
are algebras under the defined product. One particularly nice fam- 
ily of algebras, a decreasing chain depending on a parameter running 
through (0,1], turns out to have 1/2 as the critical parameter value 
above which the algebras are commutative. Morerover, the commu- 
tative algebras in this family are precisely the algebras in which each 
function is determined by its g-moments. 

We also treat the relationship between ^-convolution and g-Fourier 
transform. Finally, in the Appendix, we show an equivalence between 
the existence of an analytic continuation of a function defined on a 
g-lattice, and the behaviour of its (/-derivatives. 
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1 Introduction 



The classical Fourier transform T and the classical convolution product 
are closely tied to each other by the homomorphism property T{J * g) — 
J r (f)J-'(g), while both operations have a conceptual interpretation on the 
real line R considered as locally compact abelian group. Classical convolu- 
tion is of great importance, both in theory and in applications. Whenever 
one has an interesting generalization of the classical Fourier transform (like 
the q- Fourier transform in the present paper), it is therefore natural to con- 
sider an analogue of classical convolution which is related to the generalized 
Fourier transform in a similar way as classical convolution is related to classi- 
cal Fourier transform. The present paper and its sequel will consider convo- 
lution related to a g-Fourier transform involving the g-exponential function 
E q as a kernel. This transform was analytically introduced by the second au- 
thor in Section 8, and it was earlier considered algebraically by Kempf 
and Majid 0], where it occurs as the special case for the braided line of their 
general theory of Fourier transform on "braided covector algebras". The 
braided line, a deformation as a braided group of the algebra of functions on 
R, is the simplest non-trivial example of a braided covector algebra. It was 
first introduced in a rudimental way by the second author in Section 6.8 of 
[p~Q|1 and in full detail by S. Majid, see [|13[], [14]. The Fourier transform on 
a braided covector algebra of type A n (a braided analogue of function space 
on R n ) was studied in more detail by the first author in ||. 

In Kempf and Majid also defined convolution for those braided co- 
vector algebras which have an integral which is bosonic and invariant under 
translation. A slight adaptation of their definition in case of the braided line 
(where the integral is not bosonic) is the starting point of our analytic defini- 
tion of g-convolution / * 7 g on R given below (here 7 denotes the choice of a 
g-lattice). Two other motivations for this definition can be given: the formal 
limit for q — > 1 yields classical convolution, and T^j * 7 g) = (Fyf) (F^g) 
holds if we take for the q- Fourier transform of jTI]] involving E q as a kernel. 

The aim of the present paper is to find suitable function spaces for / and 
g such that their g-convolution / * 7 g is well-defined, and to find function 
classes on which associativity and commutativity hold. Let us introduce 
some notation for explaining this. 

Throughout this paper q is fixed such that < q < 1. The g-derivative of 
a function / is given by (df)(x) := ^( jl^f^ , and its g-shift by (Qf)(x) : = 

f(qx). For 7 > we have the g-lattice £(7) := {±g fc 7 | k e Z}. For a function 
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/ on 1/(7) the (unbounded) q- integral over L(j) is denoted and defined by 



/ = / fit) d q t := (1 - q) £ £ g fc 7 /(eg fc 7 ), (1.1) 

provided the summation absolutely converges. 

Fix 7 > 0. Let Z 7 denote the space of absolutely g-integrable functions 
on L( 7 ), and let ZS° denote the subspace of functions / G Z 7 such that 
a; 1 — > f(x)x e is in Z 7 for every e G Z> . For / G define the moments, 
respectively strict moments of / by: 

A*e, 7 (/):=9 2 / f(x)x e d g x, u e>J (f):=q 2 / |/(x)x e | c? g x. 
J— 7-00 J— 7-00 

(1.2) 

The factor g - 2~~ is a normalization factor by means of which most statements 
and formulas can be expressed in a simplified form (see Section 4). 

Definition 1.1 Let / G 1^ and let g be a function defined on some subset 
of C. Then the q-convolution product f * 7 g is the function given by 

(/ * 7 »)(*) := £ ( - 1)£ ^ (/) (^)(x) (1.3) 
e =o L e k- 

for a; G C such that the g-derivatives (d e g)(x) are well-defined for all e G Z> 
and the sum on the right converges absolutely, and with notation ( |1.2| ) being 
used. □ 

By the asymmetric form of our definition of / * 7 g, the initial choices of 
function classes for / and g are quite different: for / the moments /i e , 7 (/) 

should behave as 0(q £ ^~b e ) for e — > 00 with a,b > (we call this of left 
type a), while for g the g-derivatives (d k g)(x) at x should behave as 0(R k ) 
for k — ► 00 with i? > 0. We also need functions on L( 7 ) which extend to 
analytic functions, on a disk centered at 0, or on a strip around R. Some 
equivalent characterizations of function spaces derived in this paper may have 
independent interest (see for instance the Appendix). 

Commutativity of the convolution product is the hardest and most inter- 
esting issue of this paper. Both the homomorphism property and the inter- 
pretation on the (commutative) braided line suggest commutativity, but we 
find significant counterexamples. An explanation is that the g-Fourier trans- 
form of / only depends on the moments of /i 6j7 (/) and that /i e , 7 (/ * 7 g) is 
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symmetric in / and g, but that / in certain function classes is not completely 
determined by its moments. For getting commutativity we need functions 
/ (and g) in the convolution product for which the strict moments v ea (f) 

behave as 0(q^~b e ) for e — > oo with a > 1/2, b > (we call this of strict left 
type a > 1/2), and which are holomorphic on a strip around R. It turns out 
that the g-Gaussian x i— > e q 2(—x 2 ), which has has strict left type 1/2, does 
not commute with many entire functions of strict left type > 1/2. 

Part of the results of this paper occurred in the recent dissertation |4j by 
the first author. She discusses some further aspects of g-convolution in the 
subsequent paper 0. 

Acknowledgement We thank the referee for his careful reading of the 
manuscript and his constructive remarks. 

Further notations We denote as usual: 



a; q)k ■= IlLo(l _ a ? J )> ( a ; q)°° ■ = firm^^a; q) 



(g;g)k 



;i.4) 



(g;g)j(«;g)k- 



A function f(x) may also be denoted as f{X). This will be useful for 

functions like fX e :x i— > f(x)x e and e q 2(—X 2 ):x > e g 2(— x 2 ). 

For g-hypergeometric series the notation of Gasper & Rahman will be 

followed. 

The (bounded) g-integral of a function / on {± r yq k \ k G Z> } is denoted 
and defined by 

f /(*)d 9 * = (1 - ?) E E 9*7/(^9*7) (1-5) 
provided the summation absolutely converges. 



2 Motivation of the definition of (/-convolution 



We will give three different motivations for our Definition ET] of g-convolution 
in the following three remarks. 

Remark 2.1 The braided line (see [fL4fl ) is a braided Hopf algebra ^4 which, 
as an algebra, is equal to the (commutative) algebra C[[x]] of formal power 
series in x, and which has braiding Q(x k ®x l ) := q kl x l ®x fe , comultiplication 
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A(x k ) := Z)f=o 4 %k J ® counit e(x fc ) := 5^,0 and braided antipode 

k 2 —k 

S(x k ) := (— l) k q~^~ x k . Then the g-analogue of Taylor's formula is given by 

j=0 \j\q- 

where d denotes the g-derivative. 

The original formal definition of a convolution on any braided covector 
algebra A with a bosonic integral / : A — > C invariant under translation, was 
given by Kempf & Majid |7| as follows: 

(/ * g){x) := (/ <g> id)(m <g> id) (id <g> S <g> id) (id <g> A)(/ ® #)(x). (2.2) 

In the case of the braided line we take for / the integral defined by ( |1 . 1|) . This 
integral is invariant under translation (see 0, and |IT| and || for an analytic 
proof), but it is not bosonic. Associativity will fail for the convolution defined 
by (p.2|). Therefore, we slightly modify (|2.2|) into 



(f* 7 g)(x) := (/®id)(m®id)(id(g)Q(g)id)(id(g)5(g)id)(id®A)(/®^)(x). (2.3) 

When we substitute the q- Taylor formula ( |2.1D into fl2.3| ) then we formally 
get formula ( |1.3| ) (with ( |1.2j ) substituted), i.e., our original definition of q- 
convolution. 

We may interpret f* 1 g formally as the action of a pseudo-g-differential op- 
erator Vf (d) on g(x), where Vf (d) := J 7 ' s ( r y)(f)(i(l—q)d). HereJF^(7)(/) : = 
Yl^Lo i^pp^Q <g> d e is the weak braided Fourier transform considered in || 
(with q 2 instead of q). 4k 



Remark 2.2 The formal limit for q f 1 of formula (|1.3|) is the classical 
convolution product: 



^(x 



f°° r n, J"!)^ (p) 1 x formally f°° , r . /^(-l) e t e 

"' 11U ' ,,K * */(*)*(*- /) (f*g)( x ) 
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Remark 2.3 Recall the two g-exponentials (see ||): 

°° X k 1 °° g fc(fc 2~ 1) x fc 

esW:= SfeS = (^U' B « W:= S^)T = ( " I;,U (2 - 4) 

where |x| < 1 in the infinite sum defining e q (x). In a g- Fourier transform 
pair was presented as folllows: 

i/>(x) = r\T e q (-ixy)(j)(y)d q y, <fi(y) = / E q (iqxy) i/j(x) d q x, 

CqKlPq J-l J-j.oo 

(2.5) 

where b q and 0,7(7) are given by 

b q := J E q 2 {-q 2 x 2 ) d q x = (1 - q) (q, -q, -1; q)^, (2.6) 

/ \ r°° f 2x > 2(1 - g) {q 2 , -g 7 2 , -g 7 - 2 ; g 2 )^ 7 
W) : = / e g2 -x = — - (2.7 



/ OO 



Write the second transform in ( |2.5|) as = JF 7 ip. Then an immediate formal 
computation shows that 

{^(f* 7 g))(x) = {^f)(x)(^g)(x). (2.8) 

The transform T 1 is essentially the weak braided Fourier transform T' s {^f) 
(see Remark |2~T| and reference ||). Equation (|2.8| ) will be rigorously proved 
for suitable / and g in Section 0. 4 

For later use we recall the formulas (9.8), (9.14) in JTIJ (for n G Z> ): 

/7-oo 
x n e q 2(—x 2 ) d q x = c q {^i) q~ k (g; q 2 )k if n = 2k (=0 otherwise \2. 9) 
-7-00 

/■l-oo 

x n E q 2(-x 2 )d q x = b q q 2k+1 {q;q 2 ) k if n = 2k (= otherwise). (2.10) 



-l-oo 



3 Good function spaces for (/-convolution 

In general, it is not true that (/ * 7 g){x) can be expanded as a (possibly 
formal) power series if g{x) has a convergent power series expansion. The 
reason is that the coefficients of an expansion in powers of x of (f*^g)(x) will 
be in general infinite series themselves. We want to find conditions on / and 
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g so that, with the given definition, (f* 7 g)(x) makes sense on some subset of 
the complex plane. One should give conditions on the growth of the moments 
I A*e,-y(y) I °f / an d °f the power series coefficients of g. For this purpose we 
will now introduce the class of functions of left type a. For convenience, 
we also give here some variants of this definition and corresponding notation 
which will be needed later in the paper. Recall the definitions of the function 
spaces X 7 and X^°, given in the Introduction. 

Definition 3.1 

(a) For a > the space 2^ of functions of left type a on £(7) consists of 

all / G Xj* 3 such that, for some b > 0, |// ej7 (/)| = 0(q^b e ) as e — > 00. 
The space X^ consists of all functions of some left type a > on £(7). 

(b) For a > the space X^, of functions 0/ strict left type a on L{pj) consists 

of all / G X^ 5 such that, for some 6 > 0, v e ,iif) = 0(q £ ^~b e ) as e — > 00. 
The space X 7 stJ consists of all functions of some strict left type a > on £(7). 

(c) For a > the space consists of all functions which are holomorphic 
on the disk {z G C | \z\ < a}. By HP we denote the space of all functions 
which are holomorphic on some disk centered at 0. 

(d) For a > the space Ti^ consists of all functions which are holomorphic on 
the strip {z G C | |Im(z)| < a}. By H s we denote the space of all functions 
which are holomorphic on some strip around R. □ 

The "intersection" of a 7i-space defined in (c) or (d) with one of the X-spaces 
(i.e. X 7 , X^ or a space defined in (a) or (b)) will be denoted by putting the 
two symbols H and X behind each other. Here we mean intersection in a 
special sense. For instance, VPT^ will denote the space of the functions on 
£(7) belonging to X^ which coincide within some disk centered at with the 
restriction of a (necessarily unique) holomorphic function on that disk. Note 
that, conversely, a function / G TC D T^° is in general not uniquely determined 
by the function in TiP with which it has a common restriction within some 
disk. 

We will always assume for the "intersections" just defined that 7 is less than 
the parameter a (radius of a disk or half width of a strip) occurring in 
or H^. Clearly, this assumption is not restrictive, since 7 may be replaced 
by g fe 7 for arbitrary k G Z> . 
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Observe that, if / G is of left type a (respectively strict left type 
a) on L(j) then so is X k f for for each k G Z> . Indeed, fi en (fX k ) = 

g 2" _ 2~ e/c ^fc +e)7 (/), and similarly for /i replaced by v. 
Example 3.2 

(a) By ( J2.9p the g-Gaussian e g 2(— X 2 ) belongs to for each 7 > and 

/i 2 fc, 7 (e g 2(-X 2 )) = c 9 ( 7 ) {q\q 2 ) k q k2+k , /x 2 fc+i l7 (e ? 2 (-X 2 )) = 0. 

Hence e^— X 2 ) is of left type 1/2 on £(7). It is also of strict left type 
1/2 on £(7). Indeed, if / G is an even and nonnegative function then 

vikfttf) = ^2fc, 7 (/) and f2JH-i,7u) < ^2fc+2, 7 (/) + Vhk,y(f)- 

(b) By ( pTTQD the g-Gaussian £ g2 (-X 2 ) belongs to If and 

/i 2fcil (E g2 (-X 2 )) = & g (g;g 2 ) fc g 2fc2+fc , /^^(-X 2 )) = 0. 

Hence E q 2(—X 2 ) is of left type 1 on L(l). It is also of strict left type 1 on 
L(l) by a similar argument as in (a). 6 

Remark 3.3 Let g G with = J2i c i xl an d put G(r) := J2i \ c i\ rl ( we 
will repeatedly use this convention). Note that then also d k g G for every 
k G Z> . Since |q| < (£) p \c p \r p )r~ l for every r < R and since g -1 )^ < 1 
for / > k we can also say that, for every \x\ < r < R, 

\(d k 9)(*)\ <^r^ * , fc G(r). (3.1) 

It will be shown in the Appendix that condition ( |3.1| ) together with equality 
of left and right g-derivatives at is equivalent to analyticity. 6 



Lemma 3.4 Let f G and g G . Then f * 7 g G . // g can fre 

continued analytically on a starlike domain Q centered at ; then / * 7 <? is 
well-defined and analytic on Q. 

Proof: We want to show that (/ * 7 g)(x) has a convergent power series 
expansion for \x\ < a. Let g(x) := Y,i c i xl - Then direct computation gives 

(/ *7 *) (-) = £ £ ( " 1) [ ^r (/) ^ [tt^! x '~ e - (3 - 2) 



8 



For every r < a and every x G C such that |x| < r one has 

CO CO 

££l/*e, 7 (/)l h 



e=0 «=e 



CO CO 



e=0p =o (T,q) P (q;q) 

c 

<G(r)C£ 



.2; 



CO 2„2 

g 2 e 



e=0 



E 

e p=0 



Fl 
r 



< OO 



for some C > 0. Hence, by dominated convergence, we may invert the order 
of summation in formula (13. 21) so that, for \x\ < a, we have 



(/*7#) = E EHM 

p=0 \e=0 



p + e 




e 


c 

°p+e 1 




9 / 



X 1 " 



Eh 

p=0 



X* 



where \b p \ < G(r) C r~ p Y^Lq 9? 7^ b e r~ e < 00, while the power series 
of (/ * 7 g)(x) converges absolutely for |x| < a. 

Let now g be continued analytically on a starlike domain fl centered at 
0. It follows by induction that for every starlike compact set K centered at 



for every nonzero x G K, 



and contained in fl, \(d e g)(x))\ < \\g\\ K \ x \e.^_ q y 
where || • \\k denotes the supremum norm. Let s > 0. Then, for x G K with 
\x\ > s, 



(/-'/Si.'') t { lyi,, i {J \ i) 



e=0 



[e] 



with 



-1)X7(/) 



(d e g)(x) 



< c 



-er i.e 
q 2 c 



\(d*g)(x)\<C 



a 2 



(26)' 



s e (q;q)e 



Hence, on each set {x G K \ \x\ > s} with K G fl a starlike compact set 
centered at and s > 0, the series expressing (/ * 7 g)(x) is uniformly con- 
vergent, with 

J2e=o (9 e g)(x) analytic in x for every E G Z> . It follows that /* 7 g 

is analytic on each set {x G fl \ \x\ > s} with s > 0. Since we already showed 
that / * 7 g is analytic on {x G C | \x\ < a}, this completes the proof. □ 

Now we consider g in Ti^Iy or in H„X 7 with a > 7. An example 
of a function in 'H^T 1 is any function (7 with finite support contained in 
{±g~ fc 7 I k G Z>i}. 
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An example of a function in WfXy is the function e q i{— X 2 ). It is clearly 
an element of Hfl-y for every 7 G (0, 1), since e ? 2(— x 2 ) = J2T=o ( q 2 -q^) k 
for I a; I < 1 and since this function has analytic continuation r^2~S) f° r 
x iq~ k (k G Z> ). 

Lemma 3.5 Lei g G 7Y°X^° /or some a > 7. JTien /or even/ r G (7, a) t/iere 
is a constant B > swc/i t/iat 

7'°° / fy-oo . 9 e 

\x k (d?g)(x)\d q x<( \x k g{x)\d q x + r k B) 
7-00 ^J— 7-00 ' 



7 e (l-9) c 



/or even/ e and m Z> . Hence d e g G 7^°X^°. 

// G W^Xy frirf no£ necessarily in I™, the above conclusion still holds for 
k = and e G Z> . T/ien <9 e g G ft°T 7 . 

Proof: If e = the statement is trivial. Let e > and g G 7i°X^°. Then for 
every r G (7, a) one has: 

7-00 /*7 

\x\ k \(d e g)(x)\d q x= / |x fc (9 e g)(x)|^ 
-7-00 ,/— 7 

+n - ^ v v , 7 ^+D,. fc+ i l(^ e '^)(^7) - (^gX^f+MI 



<EE <? fc V 

s<-l e=±l 



< _i_ r" | I t (8 -i 9)(l) | lifr+ *V^(r)ry 



V-7)(l-g) c 



7(1 - g) i-roo 1 v " /v 71 " (r- 7 )(l-g) e 

where the first inequality follows by estimate (|3.1| ). Hence, by iterating the 
process we get: 

\x k (trg)(x)\ d q x < — - / \x k (d e ~ 2 g)(x)\ d q x 

-7-oo 7 Z (1 — gj^ J- T oo 

2r fc 7" e G(r) r7 2 2 r fe 7~ e+1_1 G(r) r7 
+ (r - 7)(1 - g) e + (r - 7)(1 - g) e - 1+1 ~ " ' 



2 e /-too 2 e r fc 7 e G(r)r7 



1 /i 



1+ 2 + 



e-1 



7 e (l-?W-Too' q (r-7)(l-9) 

Therefore we get the statement with i? = H^Wl2_ The conclusion for A; = 

(' — 7) 

if g G 7~C^T 1 is also clear from the proof. □ 



10 



Remark 3.6 If g G TC^I 7 , then / d k g(x) ~ 7 and the g-integral of g is 
always invariant under translation, in the notation of Section IV in ||. In 
particular, this result will then follow without assuming condition (c) in 
that Section, since by the above Lemma the partial g-derivatives of g(x) are 
automatically g-integrable. A 

From now on we will often use the shorthand notation / / for JTJ*^ f(t) d q t, 



see formula We can conclude: 



Proposition 3.7 Let f G Zy and g G Ti^I^. Then f *y g is well-defined 
and absolutely q-integrable on L(y), and f *y g G 7i^T 7 . 



Proof: Let d := 2/(7(1 — q)). By Lemma £375] we know that f \d e g\ < Ad e 
for some A > 0. Hence for some B > we have that \(d e g)(±q~ k, y)\ < Bd e q k 
for every e, k G Z>o . Then the proof that / *y g is well-defined on £(7) is 
similar to the second part of the proof of Lemma |3.4| . 

We still have to show that J* |/ *y g\ < 00. By assumption, \[i e ,y(f)\ < 
Cq2 e2 b e for some constants C, & and a > 0. Then 

f^ (-i)Xr(/) ~ 

h w 9 

<E^/N<74E^ e (i-9r<oo. □ 
e = N? 1 A (g;g)oo e = 



Corollary 3.8 Let f G 2£ and let g G H°X 7 . Then d k (f*y g) andf* Y d k g 
are also absolutely q-integrable on £(7) for every k G Z> . 



Proof: By Proposition |3/7| we know that f*yg G H^T y . Hence d k (f*yg) G 
7Y°X 7 by Lemma |3~5| . By Lemma |3.5| we also know that d k g G H^I 7 , so that 
/ *y 9 fe 5> G 7"^ J 7 by Proposition K% □ 



4 Associativity of q- convolution 

The next step will be to investigate associativity. In order to do this, we need 
to know under which hypotheses (f* 1 g)*- y h and / * 7 (<7* 7 /i) are well-defined. 
For / * 7 (g * 7 h) this was essentially described in Lemma [O] and Proposition 
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pTT| , i.e., / and g need to be of left type, and h has to belong to TiP '. 
In order to understand when (/ * 7 g) * 7 /i is well-defined, and to prove asso- 
ciativity, we need to investigate the behaviour of /x e ,7'(/ *7 <?)• We will use 
the following lemmas. 

Lemma 4.1 Let f G such that <9 J / G /or every j G Z> . TTien 

7 00 (9* /)(*) z b ^ = { {-l) a q- ba+a2 ^ tsS^t /-Too /(*) ^ V i/ 6 > a, 
-t°° 1 otherwise. 

In particular, 

» e+kn (d k f) = (-l) k ^+3l p e „(f) for every k G Z>o , (4.1) 
and /i/ i7 ((9 fc /) = ifl<k. 

Proof: It is easy to see that q b X b df = d(f X b ) — / d(X b ) (this is a particular 
case of the braided Leibniz rule in J7J applied to X b and /). If we apply 
the unbounded g-integral to both sides with / replaced by 9 a_1 /, then by 
absolute g-integrability we obtain: 



[ X b d a f = -q- b [b] q [ X^d^f. 



By repeating this procedure we get the statements of the Lemma. □ 

Lemma 4.2 If f G H D I^ Q then X k d j f G H D l^ a for every k G Z> . 

Proof: By Lemma |3.5| X k &*f is absolutely g-integrable on L(j) for every j 
and k. By Lemma [4TT] /ifc +ej7 (9- 7 /) = unless e + k > j. For e + k > j we 
have 



|/i e , 7 (x fe 5V)| = |/i fc+ e-,(/)|g 



< 



q-e(k-ak+aj) y§e 2 foe 



(1 - g)i 

for some 6 > 0. Hence |/i e , 7 (X fc d j f) \ = 0(q^ e2 (bq-^- ak+aj ^) e ) as e -»• 00. □ 
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It follows that d k f * 7 g is well-defined if / G H%Z% and g G H D . 

Lemma 4.3 Let f G 7~C^T^ and let g be defined, together with its q- derivatives, 
on a domain Q. Let ^ i 6 O k such that, for some R x > 0, \d e g(x)\ = 
0(R e x ) as e — > oo. Then, for every k G Z> 0; d k (f * 7 g), [d k f * 7 g) and 
(/ *7 d k g) are well defined at x and 

d k (f*,g)(x) = (d k f*,g)(x) = (f* 7 d k g)(x). 

In particular, the result holds if g G 7iPT 1 and x G £(7), or if g is analytic 
on a starlike domain Q centered at and x G Q. 

Proof: Under the hypothesis on /, g and x, the convolution product / * 7 g 
is well defined at x by the proof of Lemma O and Proposition ^T7\. If g and 
x satisfy the hypothesis then also d k g and x satisfy the hypothesis for every 
k G Z>o, hence / * 7 d k g and d k (f * 7 <?) are well-defined at x. By Lemma 4.2 
(<9 fc /) * 7 g is also well defined at x. The three expressions are: 

(<9 fc (/* 7 <?))(*) =d k ((£ ^) (*) = U*i&9)(?) and 

* 7 = e (-1) 7 fc !! e tn (afc/ V +fc g)w 

e>0 L e + K V 

= E ( ~ 1)e ^ (/) (^)(x) = (/ * 7 a*y)(x) 

e >o L e Jg- 

where absolute convergence follows by the conditions imposed on x and g>, 
hence the first statements. 

If g G 7i D I 7 and 2 G £(7) then it follows by the proof of Proposition |3TT 
that g and x satisfy the conditions of the Lemma. 

If g is analytic on a starlike domain Q centered at then the condition on g 
and x holds by the estimate in the proof of Lemma |3.4| . Observe that in this 
case analytic continuation allows also x = G f2. □ 

Proposition 4.4 Let f G H D ly and g G H®1™. Then X k d\f * y 0) G 
J°° for all k,leZ 



>o- 



Proof: By Proposition |3T7| f *y g G 7i°. Since *y g) = f *y d'g by 

/D-7-0C 



Lemma [4.3| and <9 z g G 7i^I°° by Lemma p.5|, we might as well reduce to the 
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case / = 0. Then 

\x k \\f*yg\ 



X k 



g (-l)Xy(/) ge^ 



e=0 



e „! ±^ e „! 7 7 



'Te=0 



q2 e b e 
o [ e l? ! 



for some C, a, 6 > 0. Again by Lemma [3.5| , there exists for any r G (7, a) a 
constant I? > such that 



□ 



By the above results we know that for suitable / and g their convolution 
product / * 7 / g G H^X™. Next question is then whether / *y g is of left type 
too. The answer is positive. We need the following Lemma. 

Lemma 4.5 Let f G ft D J^ ; G 7i D Zy , fc 6 Z> . T/ien 



/^, 7 '(/ *7#) = 



e=0 



(4.2) 



J 9 



TTras, 1/7 = 7' ^ en Xy(/ *7 50^ fc — J^*? *7 / or every G Z> and 

/ 7 (/* 7 9) = a 7 /)a 7 9)- 

Proof: By Proposition |4.4| (/ * 7 g) X k is absolutely g-integrable on L(j'). 
Then 



Hk,y(f* 1 g) = q 2 / (/ 



( l) e A t e, 7 (/) ^fc ^ 



' v e=0 



Again by Lemma |3.5| and by dominated convergence we may interchange 
integration and summation over e. Then, by Lemma |4.1|: 



/^, 7 '(/* 7 s0 = Yl 



W [k-e] q \ J y 



J y e=0 



If 7 = 7' then, by symmetry, the expression on the right equals /ifc, 7 (<?* 7 /) = 
g — a - J (g * 7 /) X , hence the equality of the q- integrals. The last statement 



is formula (|4.2|) for k = and 7 = 7'. 



□ 
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Proposition 4.6 Let f G H D l^ a and g G H B 1^,^. Then f * 7 g G HPX^ n 
with rj := 

Proof: By Proposition [T7|, /* 7 g G Ti-^ly for some a > 7' and by Proposition 
~74] / * 7 g G Jy . It follows by equation ( pL2|) that 



|/^, 7 '(/ *7#)l < H 



e=0 



|/i e>7 (/)| K- e>7 '(#)|. (4.3) 



By using the fact that ae 2 + /3(& — e) 2 > k 2 -^^ we obtain that 
|/^,7'(/*7#)l < Cq k2 ^^Y^h e c k - e < Cq k2 ^){m&x{b, c)) k {k + l) (4.4) 

e=0 

for some b, c, C > 0. □ 



Remark 4.7 We have just seen that if / G H D l^ a and g G TiPl^ p then 
/* 7 <7 G 7i D Xy )7? , where 77 depends only on a and /? and is such that - = ^ + ^- 

We are ready to show that our convolution is associative. 

Theorem 4.8 Let f G H D 2" and g G H D 1^. Let h be defined, together with 
its q- derivatives, on a domain Q and let x G Q be such that, for some R x > 0, 
|(<9 e /i)(a;)| = 0(R e x ) as e — ► 00. Then ((/ * 7 g) *y h)(x) = (f * 7 (g * 7 , h))(x). 
In particular, the equality holds for every x & Q if h is analytic on a starlike 
domain Q centered at and it holds for every x G £(7") if h E TiPly,. 

Proof: By the previous results all series involved converge absolutely for x 
as in the hypothesis. We will show that the two given expressions coincide 
whenever they are well-defined. On the one hand 

((/ * 7 g) V h){x) = ± (-l)W(/*7g) ( ^ )(x) 
1=0 L f J?- 

_ V> V- (~ 1 )Vfc, 7 (/)^-fc,y(ff) /aei,\/-\ 



where we used equation (|4.2|) and Proposition 4.4 . 
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On the other hand 



(f * 7 (g V h))(x) = £ ( l \^f f \ 9 *y &h)(x) 



1=0 rjg 

OO OO f -I \l 



^ ^ (-1) fJ>l,-y(f) (~ 1 )" l t J ' m ^9) ^+m h ^ 



The two expressions will coincide if for one of them the double sum is abso- 
lutely convergent. This is certainly the case for x satisfying \d e h(x)\ = 0(R e x ) 
as e — > oo. This last condition is in particular satisfied if h is analytic on a 
starlike domain Q centered at and x G Q, or if h G 7^ D X5^ and x G £(7") 



see also Lemma |4.3|) . □ 



Corollary 4.9 T7ie c/ass 7i D X^ is an algebra (not necessary unital) with 
respect to * 7 . /is subclass 7i s I^ is also an algebra (not necessary unital) and 
it is a left ideal ofUPX^. 



Proof: By Theorem fO| the convolution product in TiPX^ is associative. 



7i s X^ is a subclass of functions of 7i D X 7 J . By Lemma and Proposition <LC 
the product of a function in 7i D X 7 J times a function in 7i s X^ is a function 
in 7i D X 7 J which is analytic on a whole strip around R, hence it belongs to 
TC S X". By Theorem [U| and the uniqueness of analytic functions we have the 
statements. □ 



We will see in Section 6, Example |T7| that a left unit exists in H s Xl 



7 ' 



5 Functions of strict left type 

Recall Definition |3.1| (b) of the class X^ of functions of strict left type. These 
functions can be characterized in the following way. 

Proposition 5.1 Let f G X^. If a > 1 then \f(±q~ 3 'j)\ = for every 
j G Z; if a = 1 then |/(±g _J 7)| = for every j G Z sufficiently large; if 
< a < 1 then, for some c > 0, \f(±q~ J -y)\ = 0{(p 3 c 3 ) as j — ► 00 with 
(3 = -^. 

Conversely, let f be a function on £(7) which is bounded on {±g J 7 | j > 1} 
and Zei /3 > 1. If, for some c > 0, |/(±g~- ? 7)| = 0{q^ 3 c J ) as j — > 00 iaen 
/Gi;; with a = I - . 
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Proof: Let / G 1^ a - Then there are constants C, b > such that 

2 00 

(f^~ E g fc(1+r V +1 [ \f(q k l)\ + \f(-q h l)\ ) < Cq^V for every r G Z> . 
fc=— 00 

Hence every term of the sum on the left-hand side is dominated by the right- 
hand side. In particular, 

\f(±q~^)\ KC^'^q^+^+W. (5.1) 

Therefore, if a > 1, or if a = 1 and g J ~3 < 7& _1 , we have \f(±q~ ], y)\ = 
since the left hand side does not depend on r. If < a < 1, since the left 
hand side of (|5.1|) is independent of r, it will be in particular smaller than 



the right-hand side evaluated for r := [ 3_ J > 0. Hence 



\f{±q^ 1 )\<C 1 -\h 1 - 1 ) r q- 

< C'(trf~ 1 )~q 8(i- Q) ^ ^4(1-^)-^ 2 

1 j (2j-l) 2 / ! x \ 3 j 2 

since — 1 < r < , and the first statement follows. 

2(1— a) — — 2(1— a) ' 

Next we will prove the converse statement. By boundedness of / on the set 
{±q jr )' I j > 0} it follows that, for some M > 0, we have JZ 7 \t k f(t)\d q t < 
2M7 fc+1 for all k G Z> . Then, 

q^ir - r)\x k f{x)\d q x = {l-q)q h ^f: £ g-^+V + V(«r J 7)l 

W-T-oo J—'yJ _•_ 1 li 



j=l e=±l 



00 

,•2/3. 



<2Cg^7 fc+1 E/ § "^ +1) ^' 

1 r.,1 * * fc 2 /i a-ll ^ P(i 2 2i (k+1) I (fc+ . 1)2 , l • i. 1 j.3 

= 2C<T^7 V~<?~ ( ^ ^1 + ^^V < M 2 b k q* ak 

3=1 

for some M2, 6 > and with a := 1 — < 1, since the infinite sum is 
dominated by 

s(max(c, l)) s + (max(c, l)) s+1 ^ q w ^c i , where s : = [(Jfe + 1)/3 _1 ] > 0. 

□ 
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Remark 5.2 By Proposition |5.1| the pointwise product of functions / G 

.2 

and g G satisfies the estimate [(/^(ig - -^)! < Cc* q~ <y ~ r ^ + ~\ Hence 
G Z^, where 77 = 1 if a or = 1, and (1-r?)" 1 = + > 2 

if a,/3 < 1. Thus 77 > | in all cases. This will be useful for finding examples 
in connection with commutativity of g-convolution (see Section^). 4jk 



Example 5.3 As a consequence of Proposition pM| all functions belonging 
to TiPlJ^ must be of the form / E q 2(— q 2P/ y~ 2 X 2 ) for some p G Z and some 
analytic function /. 4k 



Remark 5.4 Observe that functions of strict left type a > 1 must be iden- 
tically zero. From now on TiPl^ will automatically imply a < 1. 6 



Example 5.5 The family of functions / c (c > 0) given by / C (V) := e~ c( - log<22+1 ' ) ' )2 
provides for every a G (0, 1) an example of a function which is of strict left 
type a on £(7) for each 7 > 0. Indeed, f c G 7"^ and for every 7 > there 
exists b > such that |/ c (±g~ fc 7)| = O(q^ clo ^ q ^ k2 b k ) as fc -> 00. Hence 
/ G ftfZ^ with a := 1 - ^clog^- 1 ))" 1 G (0,1) if c> ((41og(g- 1 ))- 1 . * 



Example 5.6 Let S q 2(— X 2 ) be the function defined by 



fc=0 



(g 2 ;g 2 )fc 



i0i(O; -q;q,x 2 ). 



This function belongs with parameter value 1/2 to a family of entire functions 
interpolating between e g 2(— X 2 ) and E q 2(— X 2 ), see also [l|]. By formula (2.3) 
and Remark 2.4 in ll| with z = —q and n = 2k — 1 we have: 

(-g^ocM-s 1 ^) <? 2fe2 - fc (-?;g) 2 oo- 



Hence, for 7 



^ 2 (-(g- fc 7) 2 ^ 



0(q ) as fc — ► 00, which shows that 



£g 2 (-X 2 ) is of strict left type 3/4 on L(l). 
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Lemma 5.7 Let f G H D l^ a . Then, there are C, c, R > such that 



~/,a 



v e ,^d k f) < Cq^ e2 c e R k 
for all k, e G Z> . In particular, d k f G VPZ^ a . 

Proof: Let / G H^l^ a and r G (7, a). By Lemma |37| there exists B > 
such that 

for all fe, e G Z>o- Combination with Definition [3.1| (b) immediately yields 
the result. □ 

Proposition 5.8 Let f G H D l^ a and g G WPl^p. Then f * 7 g G H D I^. 



Proof: For any e > 0, 

9 2 I\J*i9\ \X I < 2^ mi 9 /,l X M c '^l< C Z^77TT ii: 9 2 c 

J V fc=0 Fk ! J 7' fc=0 Fk ! 

by formula ( |1.3|) , Definition |3-l| (b) and Lemma |5.7| . □ 



Corollary 5.9 The class H D 1° U is a subalgebra ofH D I^. Its subclass H s l^ 
is a left ideal of "H S I^ , H D I^ and H D I^ . 



Proof: The proof is similar to that of Corollary L9 □ 

Definition 5.10 For every c G [0, 1) we denote by 7i s Z^ u i >c the union of all 
spaces H s I*f a with a G (c, 1] . □ 

Corollary 5.11 The classes H s l^ >c (for c G [0,1); and H s l^ c (for c G 
(0,1]^ are left ideals of Tt s T^° and of TL S T^ . Similar properties hold for 
H D I^. □ 

Corollary 5.12 Let f,g G H D I^ , h G H D . Then (/ * 7 g * 7 h)(x) = {g * 7 
/ * 7 h) (x) for every x where the product is defined. In particular, for every 
pair of ideals I C J with I, J G {H S I^, H S I^ H D 1^ H D 1^ }, I is a left 
module over J /[J, J]*, where [J, J]* denotes the commutator ideal. 



Proof: This is a consequence of Lemma |T5] together with the fact that f* 7 g 
depends only on the g-moments /i e7 (/) and not on the values of f(x). The 
last statement follows by the inclusions of left ideals H s l^ C H s l^ C H D 1^ 

and n s i^ c n D i^ c n D i^. □ 
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In particular, since H S I^ >C C H s I*f >d (respectively H s l^ c C H s I™ d ) 
for every c > d, we have a chain of left ideals on Ti 1^ = 7i s X^ , and 
similarly for JiPX^ . Hence E q 2(—q 2 X 2 ) G Ti- S Tf^ >c for every c < 1 and 
e g2 (-X 2 ) G ft s X 7 s >i„ e for every 7 > and e G (0, 1/2). 

6 Commutativity of (/-convolution 

We investigate commutativity now. We begin with a lemma. 

Lemma 6.1 Let f G fi D I^ >1 / 2 ^ e s,uc ^ J 7 = for every k G Z> . 
JTien /(x) = for every x in some neighbourhood of zero. In particular, if 
f G / ^ s 2^ l >i/ 2 ; then f(x) = in each point x where f is analytic. 

Proof: Let / have power series f(x) = J2i a i xl with radius of convergence 
> 7. Then 

/ \f\ 2 EA-q 2 X 2 1 ~ 2 )= f \f{x)\"E q ,{- q ^r 2 )d q x 

/■y / OO \ OO n 

(f(x)E q i(-q 2 x 2 1 - 2 )j:d l x l )d q x = j:a l / f X l E^-^~ 2 X 2 ) 



1=0 7 1=0 ^ 

oo 00 / I \p p 2 +p -2p r 

E^E ( ) \ J hx 2 ^ = o. 
1=0 P =o [Q ;q )p J 7 



Here the third and the fourth equality are justified by dominated convergence. 
Indeed, 



E M / 1/0*01 \A E q 2 (-(1 2 X 2 1~ 2 ) < E I^It' / \f(x)\dgX < OO 

;=o 1=0 J -~< 

and (use that / has strict left type > 1/2) 

00 n V 2j rP^-2p r oo p 2 + p -2p 

p% (?;?)? A ^ (r;r) P 

Hence |/(x)| 2 = if x = eg fc 7 with G Z> and e = ±1. If moreover 
/ G / ^ S X r s >i/ 2 then / = because it is analytic on a strip and vanishes on a 
sequence with limit point in the strip. □ 
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Remark 6.2 Note the crucial role of analyticity of / on a strip around R in 
order to conclude in the above Lemma that / vanishes everywhere on £(7). 



Remark 6.3 The proof of the above Lemma showed that for any / G 7Y S 
the power series of / E q 2{— q 2 ^~ 2 X 2 ) is absolutely g-integrable on £(7). 4b 



Theorem 6.4 7^ S Z 7 S > C is a commutative algebra for every c G [1/2, 1). 
Proof: If /, g G 7i s Z s > c then by Lemma [4.5| , Proposition |5.8| and Corollary 



•H / *7 9 ~ 9 *7 / satisfies the hypothesis of Lemma |6TT| □ 

The following Theorem shows that TlfX^ , 2 is far from commutative as 
a g-convolution algebra. Afterwards we give two other examples of noncom- 
mutativity. 

Recall that Q is the g-shift Qf(x) = f(qx). 



Theorem 6.5 Let g(x) := e q 2(-x 2 ) (so g G H\l*" 1/2 by Example \3J^ (a)). 
Let f G 7~L s ^' JJ >1 /2 be an entire function, not identically zero. Then (Q~ n f)*~/ 
9 9 *7 (Q~ n f) f or n sufficiently large. 

Proof: For the discrete q-Hermite II polynomials 

[fc/2] ,_^y -2lk+2l 2 +l x k-2l 

h k (x; q) := x k 2 MQ~\ Q~ k+1 ; 0; q\ ~q 2 x~ 2 ) = (q; q) k £ , q r 



the following Rodrigues type formula was given in |TTJ, formula (8.28): 



(d k e q2 (-X 2 ))(x) = ( ■ l) _ Q I h k (x;q)e q2 (-x 2 ). 
Also note by formula (II. 6) in || that 

hk{i; q) = i k 2Mq~ k , q' k+1 ; 0; g 2 , g 2 ) = zV^ M - (6.1) 

For / Gl" put 



00 - — - 



m--=J2 q ) ^f ] h k {x-q). (6.2) 
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It follows by the Rodrigues formula that 

(/* 7 e q ,(-X 2 ))(x) = f(x)e q 2(-x 2 ) 

for |Im(x) | < 1. In fact, / is an entire function, which we will show by uniform 
absolute convergence on compacta of the series defining f(x). Indeed, for 
k = 2h + e with e = 0, 1: 

h t_iyq-2lt-4,lh+2l 2 +l x 2h+t-2l 

h k (x; q) = (q; q) 2h+e ]T — — 

1=0 VQ ) Q )l[Qi Q)2h+e-2l 
— I \\ h (a-a\ ^ -2h 2 -2he+h ^ Zl 1 

Hence 

k 2 -k 



7 v- \h k {x;q)\ < - 

{q;q)k {q;q)k 



h 2p 2 -p\ x \2p §( x 
X > ■ — ■ < 



p =o (q 2 'i q 2 )h(q; q 2 )h(q 2 ; q 2 ) P (l - q 1+2 P) e (q; q) k 
where := (1 — q)~ l max(l, |x|) ^ 



_^ q2p 2 - P \ x \2p 



p=0 



(q 2 ;q 2 ) 



In combination with Definition |3.1| (a) this shows that, for any M > 0, the 
series J2kLo^( x ) ^q^Tp * s uniformly convergent in x for \x\ < M. 

Suppose that moreover / e . Substitute the g-integral for /ifc, 7 (/) (see 
( |1.2| )) in equation ( |6.2|) . Then we can interchange g-integral and sum in the 
resulting expression, by combination of the above estimates with Definition 
p.l| (b). It follows that / can be seen as a g-integral transform of / with kernel 
K(t,x): 

/» = /(*) K ^ x ) d ^ where K ^ x ) ■= E qkt " hk( f ]q) . (6.3) 

J--y.oo (a:a)b 



fc=0 



By equations (|6.1|) and (|2.4j) we have K(t,i) = E q (iqt). Therefore 



7.00 



/(i)= / f(t)E q (iqt)d q t. 
-7.00 
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From now on assume that / G 2^>i/2 an d entire, not identically zero. 
For A ^ put 

f(X~H) K(t, x) d q t = / f(t) K(Xt, x) d q t. 

-7.00 J — y.oo 

Then 

fy.OO 00 k(k+l) 

f x (i) = / f(t) E q (iq\t) d q t = £ ?"^W/) (*A) fc (6.4) 

is well-defined for all A G C and entire in A. If f\(i) = for A = q nk , 
where — > 00 in Z as — > 00, then /a(«) = for all A G C. Hence, by 
Lemma |6.1| , / is identically zero, which contradicts our assumption. Thus 
for n G Z sufficiently large we have f q n(i) 7^ 0, hence (Q~ n f) * 7 e q 2(—X 2 ) = 
q n e q 2(— X 2 ) f q n does not extend to a function analytic at i. On the other 
hand e q z{— X 2 ) * 7 (Q~ n f) is entire by Lemma [T3]. Hence the two products 
are different. □ 

Remark 6.6 

(a) Let / G T** . Then we can express the kernel K(t,x) (defined by ( |6.3| )) 
also as a g-hypergeometric function: 

K(t, x) = (iqt; q)^ i</»i(zx, iqt; q, -iqtx) = (ix, -iqt; q)^ 2 0i(gtx~ 1 , 0; —iqt; q, ix). 

For the first identity use formula (3.29.12) in ||. For the second identity use 
formula (III.l) in §. 

(b) Since there are functions / and g in 7i , 2 for which F := / * 7 g — g * 7 
/ ^ 0, there exists a function F G ^1%, not identically zero, for which 
J^FX h = for every G Z>o- In view of Lemma |6.1| we can state that, 
for a G (0, 1], the algebra Ti is commutative iff each function / in this 
algebra is determined by its moments /i e , 7 (/) (e G Z> ). 4b 



Example 6.7 For m G Z> let 

^ m (x) := e<?2 (-x 2 ) o 0i(-;g 1+2m ;g 2 ,-g 1+2m x 2 ) 

= ^ S (g 1+ ^;?W;? 2 )r " (6 ' 5) 
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Then g m G Ti.f. It will turn out that for each a > the functions go and 
gi are non-commuting elements of 7i\X^ a . First we consider more generally 

9m- 

By the fact that e q 2(— X 2 ) G £^1/2 we can estimate that, for some b,C > 

0, 

. 00 2r(r-l) (l+2m)r 

/ \9mX k \ 2 w 2 2, ^ (2r+fc)(2r+fc+1) ^ +fc , 7 (e g2 (-X 2 )) 

< Cg^6 fc V q . 1+2 Iff, 2 _ J . < 00. 

Hence # m G Zf° for every 7 > 0. By formula (|2.9|), /^fc+i/yG?™) — for every 
k G Z>o- Furthermore, by dominated convergence we have 

00 r_1 \r n 2r(r-l)Jl+2m)r r 
( n \ 2fc 2 +fc V L J 1 y / ^2fc+ 2 r / Y 2\ 

^ {9m) ~ q h tf+^W;? 2 ), l X eA ~ X ] 



00 ^l +2 fc. g 2) r (_l)r g r ! »-r g (2m-2fc)r 



c <jl7j'? {q,q )ki<pi{q ,q ,q ,q ) 



(Jim— 2k. n 2\ 

c h)a k2+k (a- o 2 k — ' g ; °° 

''' ' 1 ' 1 k ( q l+2m. q 2) 



1 y loo 



for every A; G Z>o, where we used formula ( p.9| ) and formula (II. 5) in ||. 
Hence 

, v _ cJnHj}^ q k2+k (q;q 2 )k f _ fc h fc _ 

and /x ei7 (^ m ) = otherwise. Hence # m G for each a > and 
r f-vl Co 2 - rt 2 ! m ~ 1 fe 2 +fe 

*7 /)(*) = flll'V 00 E , 2 2 w 2 2 , (^f)^) 

(q 2m+1 ;q 2 )oc £^ (q 2 ;q 2 )k(q 2 ;q 2 ) m -k-i 

for any function / and for x such that the g-derivatives of / at x are well- 
defined. In particular, 

^ (t) (y 2 ) y 2 )oo 
#0*7 / = °> and 01 *7 / = 9 ^3. g2 \ ~ / fOT aU 



7 oc 
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Hence, g * y gi = 0^ gi * 7 go- 
It follows from formulas ( |6.5| ) and fl2.4p that 



g (x) = e q 2(-x 2 ) Re(E q (ix)) = Re ( jZ^T^J = Re { jiJq)^ ) = Re ( e <?(^))- 
for x G R. Hence 

g (±7?- fe ) = ^ — k = Re 1 _{ 7 /,,. , for k G Z >0 . 

Therefore, the estimate \go(± , ~fq~ k )\ = 0(q? k2 c k ) as k —>■ oo is valid for some 
c > if and only if j3 < 1. This result combined with Proposition |5.1| implies 
that go is not of strict left type on L{j). 

The vanishing of all g-moments of go can also be seen directly from the 
formula 

x n e q (±ix) d q x = / x n e q 2(—x 2 )E q (±ix) d q x = (n G Z> , 7 > 0), 
-7-00 7—7-00 

which follows from formula (8.21) in |TTJ by substitution of t = ±<7 _1 . Hence 



x n go(x) d q x = Re / x n e q (ix) d q x = 0. 
-7-00 J— 7-00 

Example 6.8 Define a function g on L(l) by 

<7(±g fc ) := (-l)Ve ?2 (-^) (* G Z). 

Then (7 cannot be extended to a function in 7i D since it is alternating on a 
sequence approaching to zero. On the other hand, 

and |g(±g fe )| < 1 if G Z> . Hence, by Proposition |5.1| it follows that 



g G Clearly, fi 2 n+i,i(g) = for all n G Z> . Furthermore, 



fi 2n M = 2(l-q) (-l) k q (2n+2)k eA-q 2k ) 

k=— oo 

2ll "' /) ^i(-l,0;g 2 ,-g 2 " +2 ) = 



/oo 
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for n £ Z> , where we used Ramanujan's iipi summation formula, see (11.29) 
in ||. (C. Berg used the same vanishing case of the i?/>i in connection 
with the indeterminate moment problem related to discrete g-Hermite II 
polynomials.) We conclude that g *i / = for every /. 

Next we consider f *\ g for some / £ Tf. Since g is not in 7i D , we 
cannot use the results of Section |3| in order to be sure that (/ * 1 g){x) is 
well-defined for suitable x. However, we can reason as follows. From the 
inequality | (dh) (x) | < anc ^ the definition of g we see by induction 

with respect to e that 

\(d e g)(±q k )\ < *A-<i 2k f*~T q y z ^)- 

Hence (f* 1 g)(±q k ) is well-defined for / £ Tf, k £ Z> . Since {-l) k g{q k ) > 
for all k £ Z, one sees that (—l) k (d e g)(q k ) > for all k, e £ Z> . Hence (/*! 
g)(q 2k ) > for £ Z> if / £ is even and strictly positive (for instance 
/ := e q 2(—X 2 )). Again we have obtained a couterexample to commutativity 
of convolution. A 



Hence we have shown by means of Theorem |675| and Examples |T7], |T 
that none of the hypotheses of Theorem (/, g £ 2^ 1/2 | / e ; / £ H B 
can be relaxed. 



7 g- Convolution and ^-Fourier transform 

In Remark ^]3| we introduced in ( |2.5| ) a g-Fourier transform pair with the 
second transform being given by 



/7.00 
E q (iqxy) f(x)d q x. (7.1) 
-7.00 



The right-hand side of ( |7. 1| ) can be formally rewritten by power series expan- 
sion ( |2.4|) of E q {iqxy) and by substitution of formula ( |1.2| ) for // fc)7 (/). This 
defines the following transform: 

00 (?v) k 

{^f){y)^Y.^M)r\- ( 7 - 2 ) 

k=o [Q]Q)h 

The transform is essentially the transform -Ft? (id, 7) in |J for n = 1, with 
the difference that in || x and ?/ do not commute. 
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Proposition 7.1 

(a) ///el" then T 1 f is well- defined and it is an entire analytic function. 

(b) If moreover f £ TJ*° then T n f is also well-defined and T^f = T n f . 

(c) Let f £ T/ien .F 7 / = iff fi k ~ ( (f) = /or a// jfe £ Z> . 

(d) Lei / £ W%™ 1/2 . Then f 7 / = 0^/ = 0. 

(e) Let f £ H D J^ g £ 7i D Xy . TTien / * 7 a £ 7i D 2y and .F 7 (/ * 7 a) = 



Proof: (a) follows by formula (7TT) and Definition |3.1| (a). 

In order to prove (b), first substitute formula (|1.2|) for /ifc, 7 (/) in formula 
( |7.2| ). Then justify interchange of summation and g-integration by dominated 
convergence by using the estimate for z/fc 7 (/) in Definition |3.1| (b). Finally 
use the power series expansion fl2.4|) for E q {iqxy). 

(c) is evident from (a) together with ([7. 1|) . 

(d) follows from (c) and Lemma |6.1| . 

The first statement in (e) follows from Proposition |4.6|. The second statement 



follows by taking formula ( |7.2|) for / * 7 g and then substituting formula 
(|4.2j ). Rearrangement of the double summation is justified by dominated 
convergence (use Definition |3.1|(a)). □ 



8 Appendix 

In our treatment of / * 7 g in this paper we usually required g to be analytic 
on a neigbourhood of 0, while proofs of lemmas and propositions only used 
that, for some R > 0, \(d k g)(x)\ = 0(R k ) as k — >• oo, uniformly for x — » 
in L(j). In this Appendix we show that the analyticity requirement on g 
is not an essential restriction. In connection with the k th g-derivative at 
occurring in the next Proposition, see also Koekoek and Koekoek ||. 

Proposition 8.1 Let g be a function defined on the half q-lattice L e ( r y) = 
{eg fc 7} for some 7 > and e £ {±1}. Suppose that there exist constants 
C > and r > 7 such that 

Cr 1 

l(^)(^)l< (r _ g , 7)rt(1 _ g)t (8.1) 

for every k > and for every t £ Z for which 0*7 < r. TTien i/ie /zmzt 
l p := linifc^oo^g) (eg fc 7) erases an<i is /mite /or ever?/ p £ Z> , and t/iere 



27 



exists a unique analytic function g on {x G C | |x| < r} such that g = g on 
{eq k ^ | g fc 7 < r}. 

If g is defined on the whole q-lattice L(j) and if the condition above is satisfied 
for every e G {±1} and if l p := lim.fc_» 00 (9 p ^) {eq k ^) is independent of e, then 
there exists a unique analytic function g on {x G C | \x\ < r} such that g = g 
on {±g fc 7 | q k/ y < r}. 

In particular, if g is a function defined on R such that on every q-lattice 
L(7) the above conditions are satisfied and l p is independent of 7 for every 
p G Z>o then g is analytic. 

Proof: It follows from the identity 

g(eq k j) = g{eq k+l l) + (1 - ?)eg*7 (dg)(eq k j) 

that 

(d b g)(eq k+ ^) = (^)(eg fc 7 ) - (1 - q)eq k 1 £ <T (d b+l g^eq^) (8.2) 

m=0 

for every 6,pe Z> and k G Z. For such that g fc 7 < r it follows by ( E . 1| ) 
that Z)m=o? m (<9 fe+1 g)(eg fc+m 7) is absolutely convergent. Hence both sides of 
equation ( |8.2| ) converge to a finite limit lb as p — > 00. 
It follows by induction with respect to n that 



9{x) 



E 

fc=0 



1 -g) fc x fc {d k g){q n - K x 



n—k. 



(8.3) 



Let x G L(j), \x\ < r. Then 

(l-g) fe x fc (^)(g"- fc x) 



r? 



L J q 



< 



< 



r — q n k \x\ r k (l — q) 1 



Cr 



r - \x\ (q; q) k \ r 



\x\ 



Hence by dominated convergence we can take the limit for n — > 00 and 



g{ x ) = Efclo f° r x — e i k i witn i k i < r - 

k 1 

The other statements follow from the definition of g{x) = J2T=o • 



□ 
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Example 8.2 Let c qa (x) be defined on L{pf) as: 



c (ea k^ ._ iU^ q2 (-X 2 ) if e = 1, 
C ^ {€qi} -\L^e q2 (-Xi) if c 1. 



Then, since the g-integral is g-periodic, the limit for k — > oo of c gi7 (±g fc 7) = 
c 3 (7), and (d p c q ^)(x) = on £(7). The power series c g (x) is then trivially the 
constant c 9 (7) defined by Q2.7|). However, the function c g (z) := J 2 e g 2(— X 2 ), 
coinciding with c 9j7 on every £(7) for 7 > 0, is not analytic. Indeed the limit 
of c g (x) for x — > cannot exist. 4 



Example 8.3 Consider the function f{eq kr j) := (— eg fc 7; g)^ on £(7). Clearly 

n(n— 1) 

limfc^oo /(eg fe 7) = 1. One checks that {d n f){tq k ^) = 7 j = ^(-eg fc+n 7; g)oo so 
that the limit for k — > 00 is well-defined. The majorization for | (d n f) (eq k ~f) | is 

clearly verified for every n G Z> , fceZ and 7 > 0. Hence / can be extended 

fc(fc-i) k 

to the power series E q (x) = J2kLo 9 ( q - q )* • Since the limits for k — > 00 of the 
g-derivatives do not depend on 7, we have checked that E q (x) = (—x; q)^. 
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